Lame equation arises from deriving Laplace equation in ellipsoidal coordinates; in other words, it's called ellipsoidal harmonic equation. Lame functions are applicable to diverse areas such as boundary value problems in ellipsoidal geometry, chaotic Hamiltonian systems, the theory of Bose-Einstein condensates, etc.
Introduction
The sphere is a geometrical perfect shape, the set of points which are all equidistant from its center (a fixed point) in three-dimensional space. In contrast, an ellipsoid is a imperfect one, a surface whose plane sections are all ellipses or circles; the set of points are not same distance from the center of the ellipsoid any more. As we all recognize, the nature is nonlinear and imperfect geometrically. For the purpose of simplification, we usually linearize those system in order to take a step to the future with a good numerical approximation. Actually, many geometrical spherical objects (earth, sun, black hole, etc) are not perfectly sphere in nature. The shape of those objects are closely better interpreted by an ellipsoid because of their rotations by themselves. For example, the ellipsoidal harmonics are represented in calculations of gravitational potential [8] . However spherical harmonic is preferred over the more mathematically complex ellipsoid harmonics (the coefficients in a power series expansions of Lame equation have a relation between three different coefficients).
In 1837, Gabriel Lame introduced a second ordinary differential equation which has four regular singular points in the method of separation of variables applied to the Laplace equation in elliptic coordinates [1] . Various authors has called this equation as 'Lame equation' or 'ellipsoidal harmonic equation' [5] .
Previously, there was no analytic solution in closed forms of Lame function [5, 6, 7] . Using Frobenius method to obtain an analytic solution (represented either in the algebraic form or in Weierstrass's form), the solution automatically comes out 3 term recurrence relation [6, 7] . In contrast, most of well-known special functions consist of two term recursion relation (Hypergeometric, Bessel, Legendre, Kummer functions, etc).
In this paper I'll construct the power series expansion of Lame function in closed forms analytically and its integral forms with three-term recurrence formula [10] . Lame equation is a second-order linear ordinary differential equation of the algebraic form [1] 
Plug (2) into (1) . c n+1 = A n c n + B n c n−1 ; n ≥ 1
where,
A n = 
Power series

Polynomial in which makes B n term terminated
In this paper I construct the power series expansion, its integral forms and the generating function for the Lame polynomial where B n term terminated at certain values of index n: I treat q as a free variable and α as a fixed value. Theorem 1. In Ref. [10] 
For a polynomial, we need a condition, which is B 2β i +(i+1) = 0 where i, β i = 0, 1, 2, · · ·
In this paper Pochhammer symbol (x) n is used to represent the rising factorial: (x) n = Γ(x+n)
Γ(x) . On above, β i is an eigenvalue that makes B n term terminated at certain value of n. (6) makes each y i (x) where i = 0, 1, 2, · · · as the polynomial in (5).
The case of
In (4a)-(4c) replace α by 2(2α i + i + λ). In (6) replace index β i by α i . Take the new (4a)-(4c), (6) and put them in (5) with replacing variable x by z. After the replacement process, the general expression of power series of Lame equation in the algebraic form for polynomial which B n term is terminated is
where (8) and (6) and put them in (5) with replacing variable x by z. Its solution is equivalent to (7) . Take c 0 = 1 as λ = 0 for the first independent solution of Lame equation and λ = 
The representation in the form of power series expansion of the second kind of independent solution of Lame equation in the algebraic form for the polynomial which makes B n term terminated about x = a as α = 2(2α j + j)
Infinite series
Theorem 2. In Ref. [10] , the general expression of power series of y(x) for infinite series is
In (10) replace a variable x by z and substitute (4a)-(4c) into new (10) . The general expression of power series of Lame equation in the algebraic form for infinite series is given by
Take c 0 = 1 as λ = 0 for the first independent solution of Lame equation and λ = 
The representation in the form of power series expansion of the second kind of independent solution of Lame equation in the algebraic form for the infinite series about x = a is
Asymptotic behavior of the function y(z = x − a) and the boundary condition for x 3.1. Infinite series Now let's test for convergence of infinite series of the analytic function y(z). As n goes to infinity, (4a) and (4b) are
Substitute (12) 
The sequences c n consists of combinations A and B in (13) . First observe the term inside parentheses of sequence c n which does not include any A n 's: c n with even index (c 0 ,c 2 , c 4 ,· · · ).
When a function y(z), analytic at z=0, is expanded in a power series z=0, we write
where
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Put (14) in (16) putting m = 0.
Observe the terms inside parentheses of sequence c n which include one term of A n 's in (13) : c n with odd index (c 1 , c 3 , c 5 ,· · · ).
Put (18) in (16) putting m = 1.
Observe the terms inside parentheses of sequence c n which include two terms of A n 's in (13): c n with even index (c 2 , c 4 , c 6 ,· · · ).
Put (19) in (16) putting m = 2.
By repeating this process for all higher terms of A's, I obtain every y m (x) terms where m ≥ 3. Substitute (17) , (19), (21) and including all y m (x) terms where m ≥ 3 into (15) .
(23) is geometric series. The condition of convergence of it is
The coefficients a, b and c decide the range of independent variable x as we see (24). More precisely,
Range of the coefficients a, b and c Range of the independent variable x As a = b or a = c no solution 
And,
When a function y(z), analytic at z = 0, is expanded in a power series z = 0 by using (26), we write 
We can classify c n as to even and odd terms from plugging (29b) into (29a). 
Integral Formalism
Polynomial in which makes B n term terminated
Now let's investigate the integral formalism for the polynomial case of B n term terminated at certain eigenvalue. There is a generalized hypergeometric function which is: In this paper Pochhammer symbol (x) n is used to represent the rising factorial:
By using integral form of beta function,
Substitute (33a) and (33b) into (32). And divide
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The integral form of hypergeometric function is
where Re(γ − α) > 0 replaced α, β, γ and z
Substitute (36) into (34).
Substitute (37) into (7) where l = 1, 2, 3, · · · ; apply K 1 into the second summation of sub-power series y 1 (z), apply K 2 into the third summation and K 1 into the second summation of sub-power series y 2 (z), apply K 3 into the forth summation, K 2 into the third summation and K 1 into the second summation of sub-power series y 3 (z), etc. 
In the above, the first sub-integral form contains one term of A ′ n s, the second one contains two terms of A n 's, the third one contains three terms of A n 's, etc.
Proof of Theorem. According to (7) ,
On the above, sub-power series y 0 (z), y 1 (z), y 2 (z) and y 3 (z) of Lame function in the algebraic form using 3TRF about x = a are given by
Put l = 1 in (37). Take the new (37) into (41b).
Put l = 2 in (37). Take the new (37) into (41c).
Put l = 1 and η = ← → w 2,2 in (37). Take the new (37) into (43).
By using similar process for the previous cases of integral forms of y 1 (z) and y 2 (z), the integral form of sub-power series expansion of y 3 (z) is
By repeating this process for all higher terms of integral forms of sub-summation y m (z) terms where m ≥ 4, we obtain every integral forms of y m (z) terms. Since we substitute (41a), (42) 
The integral representation of the second kind of Lame polynomial which makes B n term terminated about x = a as α = 2(2α j + j)
Infinite series
Let's consider the integral representation of Lame equation about x = a for infinite series by applying 3TRF. There is a generalized hypergeometric function which is written by 
The hypergeometric function is defined by
Replace α, β, γ and z by − 
Substitute (49) into (11) where l = 1, 2, 3, · · · ; apply V 1 into the second summation of sub-power series y 1 (z), apply V 2 into the third summation and V 1 into the second summation of sub-power series y 2 (z), apply V 3 into the forth summation, V 2 into the third summation and V 1 into the second summation of sub-power series y 3 (z), etc.
x = a for infinite series is given by
In the above, the first sub-integral form contains one term of A ′ n s, the second one contains two terms of A n 's, the third one contains three terms of A n 's, etc.
Proof of Theorem. In (11) sub-power series y 0 (z), y 1 (z), y 2 (z) and y 3 (z) of Lame equation for infinite series about x = a using 3TRF are given by
(i 2 + 
